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Abstract
A nite and gauge invariant nonlocal quantum electrodynamics is constructed within the
framework of the square-root operator formalism in which mass of spinor particles has random
distributional character with the denite probability measure. It is shown that charge distribu-
tion of a charged spinor with random mass (or its wave function is spread-out over space- time)






Recently, the square-root operator formalism proposed by Weyl (1927) is used in modern particle
theory (Smith, 1993) in particular, in applications of the Bethe-Salpeter equation to bound
states of quarks (Castorina et al., 1984; Friar and Tomusiak, 1984; Nickisch et al., 1984), in
problems of binding in very strong elds ( Hardekopf and Sucher, 1985; Papp, 1985) and of the
relativistic string (bosonic)(Kaku, 1988; Fiziev, 1985). In a previous paper (Namsrai, 1998) we
have proposed a simple method allowing us to work with the square-root operator and to give its
physical interpretation. The purpose of this work is to study local and nonlocal electromagnetic
interactions of charged spinors with photons within this scheme. Let us give a basic idea of our
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On the other hand, the propagator of the eld '(x) in the representation (2) can be obtained
by using the T -product:














































where S(x; ) is the Dirac spinor propagator of the random mass . So that denition (13)
yields relation (10) as it should be.
Thus, we see that the square-root Klein-Gordon equation (1) describes the extended object
(2) over mass value with the denite distribution (3).
2 Square-Root Local Quantum Electrodynamics
Introducing electromagnetic interaction into the square-root formalism is similar to the local
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 ief(x)
 (x; ) (15)
the gauge eld A







































(x) and N is given by (7). With (17) the S-matrix can be















where the symbol T is the so-called T -product or T

-operation dened by (14) for the spinor
elds. Expec: means to take expectation value over the random variables 
i
. In the square-root
formalism, random variables 
i
entering into the denition of the spinor propagator with mass

i
are not independent and have strong correlations between them. In other words, functions
S(x; 
i
) are some stochastic processes over the variable 
i
. Expectation values of these processes
are dened by the requirement of the gauge invariance of the theory and possess some properties


































































































































































Denitions (19) and (20) grant the gauge invariance of the local quantum electrodynamics in
the square-root formalism. Indeed, in the language of the perturbation theory (or the Feynman
diagrammatical techniques) the gauge invariance of the " square-root" local QED means that
every matrix elements of the S-matrix (18) dening the concrete electromagnetic processes
have a denite structure, and algebraical relations exist between them. In particular, in the
momentum representation, the so-called vacuum polarization diagram in the second order of the
































(p; q) and the self-energy of the "sqr-electron"
e
(p). The





































































































Further, it is easy to verify the identity (22) by dierentiating (23) over p

and making use
of the equality (25), and choosing other momentum variables in (24) and assuming q = 0,
p
0































































































Now let us demonstrate the gauge invariance of the photon self-energy diagram in the "square-













































Here we have used the n-dimensional gauge invariant regularization procedure due to 't Hooft





































which is manifestly gauge invariant. Investigation of the higher-order matrix elements for the
S-matrix (18) can be carried out by a similar method as above.
3 Square-Root Nonlocal Quantum Electrodynamics
3.1 Spread-out Wave Function















; (x = x
0
 ;x  ) (29)











is the probability distribution satisfying similar properties (4). On the other hand, from the

















(x) are denoted by the Dirac wave function and
its Green function with mass m, respectively. T -product of functions (31) gives the propagator
(29). Indeed, by the denition

















































((x  y)  ) (32)
























We see that the wave function (31) is complicated and possesses nonlocal or string-like
































































































is the generalized hypergeometric function (series).
3.2 A Charge Distribution and Modication of the Photon Propagator
Distributional or nonlocal character of the propagator (29) and the wave function (31) gives
rise to introducing a hypothesis that an electric charge of charged "square-root" particles (say,
electrons) is not point-like and has also some distribution (r) over space. To realize this idea,
we should smear out the innitely sharp delta function involved in the denition of the idealized









(r) = (r) (35)
Here the distribution 
`
(r) describes the extended electric charge due to the existence of some
parameter ` dimension of length we call it the fundamental length. Of course, the form of the
distribution 
`
(r) is dierent from (3) or (30).
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as it should be. In (43) e
`
(p) is the Fourier transform of the charge distribution (36). The
extended form of the charge distribution (42) in the Minkowski space-time is just the generalized




(r) = (e=4r)(r=`) (44)








































































Our next problem is to construct nonlocal electromagnetic interaction of quantized elds (2) [or
(31)] and (40) with the propagators (20) [or (29)] and (41), respectively. We call this scheme
the square-root nonlocal quantum electrodynamics.
3.3 A Nonlocal Gauge Transformation and the Square-Root Nonlocal Elec-
tromagnetic Interaction
In the nonlocal case, instead of (15) and (16) we use the following nonlocal gauge transformation




































































































e is the electron ("square-root") charge and 
`
(x) is its distribution.

















Investigation of matrix elements for this S-matrix is similar to the local case (for details, see
Namsrai, 1996) and Section 2.
The construction of the perturbation series for the S-matrix (49) is possible only within the
framework of a regularization procedure. In the square-root nonlocal quantum electrodynamics
it is sucient to regularize the nonlocal photon propagator (41) and closed fermion loops. Thus,































































,0 <  < 1








. Closed fermion loops are studied by
the same method as in Section 2.
3.4 The Calculation of the Primitive Feynman Diagrams in the Square-Root
Nonlocal QED
Here for pure illustrative purposes we consider simple matrix elements for the S-matrix (49)
corresponding to diagrams of the self-energy and vertex function for the "square-root" electron.



















































Passing to the momentum representation and making use of our regularization procedure 























































































;k). Taking into account the Mellin repre-
































F (; p) (54)
where

















































































































































d() [+ 0(1)]  = 0 (57)








. Expression (57) means that in the square root QED the electron mass
is not of electromagnetic origin.
Analogously, in accordance with the Expectation rule (20) in the momentum space and in














































































































































































































Let us calculate the vertex function (59) for two cases: rst, when q = 0 and p has an arbitrary
value; second, when q is an arbitrary quantity and p; p
1
are situated on the -mass shell. In the








































Comparing this formula with the expression (55) for the self-energy of the "square-root" electron,
it is easily seen that
F





F (; p) (62)
From this identity we can obtain a very important conclusion. In the square-root nonlocal QED



























) and u(p) are solutions of the Dirac equations
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(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; ; q
2
) = 2(1   ) (66)
In order to avoid infrared divergences in the vertex function we have here introduced the pa-
































































It is easy to verify that the vertex function 








(q)u(p) = 0 (69)















































































),C = 0; 577215::: is the Euler constant,  = e
2



















From this last formula we can see that corrections to the anomalous magnetic moment (AMM)






















where we have used the properties (4) for the mass density (). The rst term in (72) corre-
sponds to the Schwinger correction obtained in local QED. From the experimental values of the
13
AMM of the electron and muon one gets the following restriction on the value of the fundamental
length `:











3.5 The Self-Energy of the "Square-Root" Electron
Now the following question arises: how to co-ordinate classical (45) and quantum (57) expres-
























is even equal to zero after integration over the -variable. The self-energy of the electron in the














Here the parameter r
0
= ` is the electron radius. Comparing formulas (74) and (75) shows that
the quantum correction to the mass value of the electron in dierence of classical one depends
on its mass and increases only as the logarithmic function at r
0
! 0. The passage ~ ! 0 in
(74) which corresponds to the classical limit, leads to an explicitly senseless result. Therefore
formulas (74) and (75) say that the corresponding principle between the quantum and classical
theories is not valid in the problem of the self-energy of the electron. However, in our scheme
one can expect that the corresponding principle will satisfy exactly. Indeed, it turns out that
in the second order of the perturbation theory quantum corrections m
qu
goes to classical ones
m
c`
at the limit ~! 0, and all higher-order contributions turn to zero at ~! 0. The proof of
this assertation is the same as in the Emov (1977) nonlocal theory.
Let us consider in detail the structure of the integral dening corrections to the electron


























where  and Z
2














and choose the system of reference, where the vector p
E







































Here we have shown an explicit dependence on the Planck constant ~, since we will be interested
in the limit ~ ! 0. Integrating over the Euclidean angles and after some transformations the



























where Q(u) = 2u+(1 2u)
p
1 + 1=u, and 
0
= ~=c is the Compton wave length of the electron
with the "stochastic" mass . From the obtained formulas we see that contributions to the mass
m have two limits (74) and (75) for the cases ` << 
0
and ` >> 
0
, respectively. Indeed,









u; u << 1;
3=4u; u >> 1;
On the other hand the function V (u) = exp[ u=4] is order of unit for u  1 and decreases
















For ` << 
0










































i.e. we obtain the quantum eld expression for the self-mass (74). For ` >> 
0
contribution to










































i.e. we get the classical expression for the self-mass (75) which does not depend neither on the
Planck constant nor on the electron mass m.
Thus, obtained formulas for the corrections to the mass (74) and (75) are valid for any




~=c and for the limits ` << 
0
and ` >> 
0
give true asymptotic value for quantum and
classical theories, respectively.
Finally, it should be noted that as shown in Emov (1977) contributions from all higher-
order of the perturbation theory turn out to be zero at the limit ~! 0. This assertation is valid
in our case. Moreover, the equality (78) holds for the full massive operator
e





















; bpu(p) = u(p), G and 4 are full Green functions of the electron with the
stochastic mass  and photon, and  -is full vertex part. We know that Green functions of the
electron and photon decrease as G(k) = 0(1=k) and 4(k) = 0(1=k
2
) for k !1. In accordance
with the Ward identity
 

(p  k; p) = O(1=k)
From this we conclude that expression (79) diverges as a logarithmic function as well as in (74)













for all orders of the perturbation theory.
In conclusion we notice that in the square-root quantum electrodynamics it is not necessary
to regularize the square-root electron mass, i.e., the physical mass of the electron m coincides
with the bare one m
o
in the Lagrangian (5).
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